It has been shown that time delay of strong gravitational lensing is not only an effective cosmological probe to constrain the Hubble constant, the matter density and the curvature of the universe but also useful for breaking the degeneracy of the dark energy equation of state and thus provide complementarity with other popular probes, such as type Ia supernovae, baryon acoustic oscillations, and cosmic microwave background radiation. Interestingly, compared to traditional strong lensing systems where quasars act as sources, strongly lensed gravitational waves (GWs) from compact binary coalescence and their electromagnetic (EM) counterparts systems have been recently proposed to be more powerful for studying cosmology since GWs and their EM counterparts are transients. Short durations of GWs and their EM counterparts are very advantageous to time delay measurement and lens profile modeling. Here, in the framework of Chevalier-Polarski-Linder (CPL) parametrization, we investigate improvement of constraining power on dark energy equation of state due to including time delay measurements of strong lensed GW systems. It is suggested that, on the basis of the third generation ground-based detector, e.g. Einstein Telescope, adding time delay of only 30 strong lensed GW systems to type Ia supernovae and cosmic microwave background radiation can improve the dark energy figure of merit by a factor 2. For the traditional standard siren method where the uncertainties of luminosity distances of GWs are ∼ 10%, a few × 10 4 events are expected to present similar constraints. In the precision cosmology era, this progress is of great significance for studying the nature of dark energy.
INTRODUCTION
Time delay of strong lensing system is considered to be a powerful cosmological probe. It can be used as an independent method to get the information of cosmological parameters. It was demonstrated that we can use time delay to determine the Hubble constant in an independent way (Resfdal 1964) . Recently, Suyu et al. (2010) showed that utilizing the time delay of lensing events to constrain the Hubble constant with precision competitive to other methods is possible. With the increase number of the lensing events, for example, the upcoming Large Synoptic Survey Telescope(LSST) will detect 3000 well-measured lensing time delays in 8000 lensed quasars (Oguri & Marshall 2010) , the results will be further improved. also presented that time delay can constrain cosmic curvature very well with the upcoming observations of LSST.
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It has been demonstrated that the universe is undergoing an accelerated expansion (Riess et al. 1998; Perlmutter et al. 1999) , so an exotic component dubbed dark energy with negative pressure was introduced to account for this unexpected discovery. Phenomenologically, dark energy is a homogeneous fluid described by the equation of state w = p/ρ. Any accuracy result of dark energy equation of state is of great importance to understand the physical mechanism behind. Time delay of strong lensing system has also been proposed as an effective probe to study the equation of state of dark energy. Linder (2004 Linder ( , 2011 pointed out that lensing time delay can provide complementarity with other prevalent cosmological probes to constrain cosmological parameters. The combination of three angular diameter distance named time delay distance derived from time delay measurements and lens profile modeling has different degeneracy directions from those of other popular probes such as type Ia supernovae (SNe Ia), cosmic microwave background (CMB) radiation. More specifically, for the most popular Chevalier-Polarski-Linder (CPL) parametrization (Chevalier & Polarski 2001; Linder 2003) , w 0 and w a will have positive correlation instead of anticorrelation in other probes when lenses lie in the redshift range 0 − 0.6. It was suggested that the dark energy figure of merit can be improved by a factor of 5 by adding 150 "golden lens" where precise reconstructions of the lens mass model is assumed to be achieved in the future observation to the combination of SNe Ia and CMB observations available at that time (Linder 2011) . The result is comparable with the latest constraints from the combination of CMB, SNe Ia, and baryon acoustic oscillations (BAO) information (Planck Collaboration 2018) .
With the detection of gravitational waves (GW) from the merger of double compact object (DCO) (Abbott et al. 2016a (Abbott et al. ,b, 2017a , we come into a new era of astronomy. Gravitational waves provide us with a completely new means of observation and are also a promising probe for cosmology. For instance, Schutz (1986) proposed that the luminosity distance obtained independently from the gravitational wave signal can be used to constrain the Hubble constant by combining the redshift information of source. Therefore, gravitational wave signals from the merger of DCOs are put forward as distance indicators and are called standard sirens. Results from these distance measurement can be used to crosscheck with other probes.
Lensing effect of GW signals have been widely explored in the literature (Wang et al. 1996; Nakamura 1998; Takahashi & Nakamura 2003; Cao et al. 2014) and Laser Interferometer Space Antenna (LISA) also prepares to use the time delay of lensed GW for studying cosmology (Sereno et al. 2011) . They showed that the Hubble constant can be constrained to ∼ 10%. The detection of the GW signals from binary neutron stars (Abbott et al. 2017c ) implied that we can not only detect the GW signals, the observations of its EM counterparts is also possible. Recently, proposed future strongly lensed GW and the corresponding EM signals as a precision cosmological probe. Unlike the traditional lensed quasar systems, the transient nature of the merger events of GW source, i.e. DCOs, ensures that the time delay can be measured to great precision. If we can locate the host galaxy by means of EM counterparts, redshift information of the GW source can be easily obtained. Moreover, the precision and accuracy of lens modeling for strong lensed GW systems can be significantly improved since there is no dazzling AGN contamination in the host galaxy. It was obtained that 10 such events will constrain the Hubble constant to 0.68% in the ΛCDM model . Meanwhile, this promising system has been proposed for extensive studies, such as testing the speed of GW Collett & Bacon 2017) , inducing time delays in multi-messenger signals from the same source to probe fundamental physics (Baker & Trodden 2017) , acting as a powerful cosmic ruler (Wei & Wu 2017) , testing the weak equivalence principle (Yu & Wang 2018) , and probing dark matter substructures (Liao et al. 2018 ) and gravity (Yang et al. 2018) .
Although only a few GW events have been detected, the next generation detectors will improve their detection ability significantly. For example, the third-generation groundbased detector, i.e. Einstein telescope (ET), will expand the detection space by three orders of magnitude, and thus can detect much more GW events. It was shown that about 10 4 -10 5 GW events will be detected by ET per year and 50-100 of them are likely to be strongly lensed (Piórkowska et al. 2013; Biesiada et al. 2014; Ding et al. 2015) . This expected considerable number of lensed GW events implies that it is possible to use these systems for estimating cosmological parameters. Here, we study the ability of the lensed GW+EM signals for constraining the dark energy equation of state.
In this paper, we take the flat ΛCDM universe as our fiducial model in the simulation. The matter density parameter Ω m = 0.315 and the Hubble constant H 0 = 67.3 km/s/Mpc from the latest Planck CMB observations (Planck Collaboration 2018) is taken for Monte Carlo simulations in our analysis.
METHODOLOGY
Strong gravitational lensing is a robust tool in astrophysics and cosmology (Treu 2010) . A strong gravitational lensing system has multiple images and these signals take different time to reach the observer. Time delay consists of two contributions, one is caused by different paths of light travelling through, the other is the difference of lens potentials at different positions through the gravitational field of the lens. According to the gravitational lensing theory, the total time delay is
where ∆t i, j is the time delay between two images or GW signals, z l is the redshift of lens and c is the light speed or the GW speed. The time delay distance, D ∆t , is a multiplicative combination of the three angular diameter distances,
where z s is the redshift of the source. D l , D s , and D ls are angular diameter distances from the lens to the observer, from the source to the observer, and from the lens to the source, respectively. ∆φ is the difference of Fermat potential of i, j images and it can be written as
where θ i, j is the angular position of i, j images and β is the angular position of the source. Ψ is the two-dimensional lens potential. For the traditional lensed quasars, one has to monitor light curves for a long time to measure time delay between images. For lensed GWs, it is only necessary to look for signals which have the same duration, frequency drift, amplitude change rate and come from the similar sky position. The only difference is the amplitude of the signals because of the magnification effect of the lens. In the flat FLRW framework, the angular diameter distance can be expressed as,
where H 0 is the Hubble constant, E(z ; p) = H(z)/H 0 is the dimensionless expansion rate, p is a set of cosmological parameters. When we take the CPL parametrization proposed by Chevalier & Polarski (2001) and Linder (2003) to characterize the dark energy evolution with respect to redshift, where
the expansion rate can be written as
In this case, there is a positive correlation between w 0 and w a in the time delay distance in the redshift range 0 < z l < 0.6 (Linder 2004) , which is orthogonal to some other popular probes where w 0 and w a are negatively correlated. This feature ensures that time delay distance can provide complementary constraints on the dark energy equation of state to some other currently popular probes. From the observation of lensing events, we can measure the time delay between the lensed signals and we can identify the host galaxy of the source and obtain high-resolution images. This will help us to get the precise and accuracy information about the Fermat potential. Then, the time delay distance is derived and can be applied to infer cosmological information via the likelihood function L ∼ e −χ 2 /2 ,
where σ D obs ∆t is the observational uncertainty of the time delay distance mainly contributing from three ingredients, the uncertainty from measurements of time difference between images σ ∆t , the uncertainty from measurements from Fermat potential difference between paths σ ∆Φ , and the systematic error from the mass distribution along the line of sight σ LOS . The total time delay distance error of each strong lensing system is
At present, observations of strong lensing time delay are in EM bands (mainly in optical band) and only a small number of lensing systems are well measured. By monitoring light curves of quasars for traditional strong lensing systems, the average relative uncertainty from time delay measurements, δ ∆t = σ ∆t /∆t, is about 3% shown by the first time delay challenge (TDC1) (Liao et al. 2015) . The average relative uncertainty of Fermat potential difference or lens modeling, δ ∆Φ = σ ∆Φ /∆Φ, is also about 3% due to contaminations of dazzling AGNs in the center of the source. For the intractable systematic error caused by the contaminations of mass distributed along the line of sight, the state-of-theart studies suggest that this component, δ LOS , can reach the level of 2% (Bonvin et al. 2017; Cristian et al. 2018; Tihhonova et al. 2018) . Fortunately, future detections of lensed GWs will significantly improve the present situation. First, the time delay in strong lensed GW systems can be accurately determined (δ ∆t ∼ 0) owing to the small ratio between the short duration of GW signals from the merger of DCOs, ∼ O(10 −1 s), and the typical galaxy-lensing delay time ∼ O(10 days). Second, high quality images of the host galaxy can be obtained since there is no central dazzling AGN. This advantage will improve the precision of lens modeling by a factor of ∼ 4 (Li et al. 2018) . That is, the relative error of Fermat potential reconstruction (δ ∆Φ ) can be reduced to ∼ 0.8%. For the systematic error from the contaminations of mass distributed along the line of sight, lensed GW systems face the same difficulties as lensed quasar.
SIMULATION AND RESULTS
In addition to the above-mentioned uncertainty levels for three ingredients, we also should clarify the redshift distributions of lens and source in strongly lensed GW systems to estimate the constraining power of future lensed GW on dark energy evolution. First, we calculate the redshift distribution of the source of lensed GW systems detected by ET. The cumulative yearly detection of the lensed GW events up to the redshift z s can be written as (Biesiada et al. 2014) ,
τ is the total optical depth:
where
is the dimensionless comoving distance, and σ * = 161±5 km/s, n * = 8.0×10 −3 h 3 Mpc −3 , α = 2.32±0.10, β = 2.67 ± 0.07 are the parameters of velocity dispersion distribution function of elliptical galaxies and their value is taken from Choi et al. (2007) .
dz is the intrinsic detection rate with the signal-to-noise (SNR) exceeding the detector's threshold (we take the threshold ρ 0 = 8 in our work):
n(z s ) is the DCO inspiral rate of each redshift calculated by Dominik et al. (2013) . C Θ (x(z s , ρ 0 )) is the function determined by the detector's sensitivity and orientation. In their calculation, two galaxy metallicity evolution with redshift were assumed, that is, the "high end" and "low end" situation. Moreover, four DCO formation scenarios: standard scenario, optimistic common envelope scenarios, delayed SN explosion scenarios and high BH kick scenario were considered.
Owing to the magnification effect of the lens, some GW events with weak intrinsic signals, that is, their SNR ρ int is smaller than the detector threshold ρ 0 , can be fortunately detected after lensing magnification, the detection rate of these events is,
and then the detection rate of these lensed GW systems is : (see Ding et al. (2015) for more details). The total detection rate includes both the case with the weaker image ρ int < 8 (but > 8 after magnification) and the one with the stronger image ρ int > 8. By adding up these two detection rates, the probability distribution function (PDF) of the redshift of the source can be obtained. Here, electromagnetic counterparts are assumed to have their redshifts measured. Therefore, NS-NS and NS-BH events are considered in our analysis. Figure 1 shows their cumulative redshift distribution of these two kinds of source. On the whole, ∼ O(10) strongly lensed GW systems together with their EM counterparts might be registered by ET and follow-up facilities. It is reasonable to expect that tens of these interesting systems could be collected by third generation ground-based detector within 5-10 years. We mock GW source redshifts z s which satisfy this distribution for our following analysis.
We assume that it is possible to identify the lens galaxy with the help of optical or near infra-red facilities after ET registering a lensed GW event. In our simulation, we draw the most likely redshift of the lens for a lensed GW+EM event with the source at given redshift z s . The differential optical depth for an elliptical galaxy can be expressed as
For a source at redshift z s , we can calculate the differential optical depth of any z l at 0 < z < z s . In this range, there is a z l that produces the maximal differential lensing probability. Figure 2 shows the lens redshift z l maximizing the differential lensing probability as a function of the source redshift z s . Therefore, for a sample of lensed GW systems with their source redshifts satisfying the distribution shown in Figure 1 , we pick each system one by one and then individually determine its lens redshift by considering z s − z l curve presented in Figure 2 . In order to investigate the complementarity of strongly lensed GW systems to already existing popular probes on constraining dark energy equation of state, we include the latest Planck 2018 CMB observations (Planck Collaboration 2018; Chen et al. 2018) and SNe Ia from the upcoming DES Hybrid 10-field Survey (Table 14 of For CMB data, we use the information about the heights of the peaks of CMB temperature spectrum along the lineof-sight, i.e. the shift parameter R. For SNe Ia, the mock distance modulus-redshift data given in Bernstein et al. (2012) is used. The parameters set is {Ω m , H 0 , w 0 , w a }. We use the minimization function to get the parameters sets of minimum χ 2 and run the simulation 10000 times with different random seeds. We consider several tens of lensed GW and EM events which are likely to be collected by ET to estimate the complementary constraints on w 0 and w a . Results are shown in Figures (3, 4) and Table 1 . In order to quantify the improvement of constraints on dark energy equation of state after taking lensed GW systems into account, we apply the figure of merit (FoM) (Albrecht et al. 2006; Wang 2008; Dossett et al. 2011; Sendra et al. 2011) which is proportional to the inverse area of the error ellipse in the w 0 − w a plane,
where C(w 0 , w a ) is the covariance matrix of w 0 − w a after marginalizing over all other cosmological parameters. Larger FoM implies stronger constraint on the parameters since it relates to a smaller error ellipse. FoMs of constraint on the dark energy equation of state from currently available Planck 2018 CMB observations and upcoming DES SNe Ia together with different number of time delay measurement of strongly lensed GW systems are plotted in Figure 5 . It is suggested that the constraining power is improved by a factor of 2 if only 30 strongly lensed GW systems are considered jointly with other popular probes. In the era of precision cosmology, constraints from observations of almost all popular probes are consistently in the favor of the standard ΛCDM model. However, one of the most serious challenges, i.e. the Hubble constant tension, might indicate the necessity of extensions for the standard ΛCDM. In proposed extensions, dynamical dark energy or evolution of dark energy with respect to redshift have been widely discussed. Therefore, in this sense, improvement (by a factor of 2) of constraints on the dark energy equation of state is of utmost importance for shedding light on the nature of dark energy. Figure 3 . Marginalized PDFs and the 68%, 95% confidence contours of the dark energy parameters w 0 and w a , SNe Ia and CMB, plus 10 lensed GW systems are considered. 
CONCLUSIONS AND DISCUSSIONS
The strong lensing effect is an effective tool and several methods relating to this effect have been proposed for cosmological exploration. In the early days, cosmological parameters were mainly constrained by statistically comparing empirical distribution of observed image separations with the theoretical predicted one (Chae et al. 2002; Oguri et al. 2012) or analyzing a large number of images of dozens of sources lensed by a single galaxy cluster (Paczyński & Górski 1981; Sereno 2002; Meneghetti et al. 2005; Gilmore & Natarayan 2009; Jullo et al. 2010) . Later, the angular distance ratio derived from the velocity dispersion of the gravitational lens were proposed to infer the parameter information (Biesiada 2006; Grillo et al. 2008; Biesiada et al. 2010; Cao et al. 2012 Cao et al. , 2015 . Moreover, the distance ratio from strong lensing observations together with other distance measurements can also be used as an independent tool to test FLRW metric and constrain the curvature of the universe (Räsänen & Bolejko 2015) . In this distance ratio method, a relative simple profile, i.e. singular isothermal spherical or singular isothermal elliptical profile, is usually used to characterize the lens mass distribution of all measured systems. This treatment might lead to non-negligible systematic uncertainties. In addition to the above-mentioned methods, time delay measurements of strong gravitational lensing systems where each lens is individually modeled and therefore systematical bias can be significantly decreased have been gradually applied for cosmological investigations. Especially, in the most popular CPL scenario, time delay is an effective cosmological probe with different w 0 , w a degeneracy direction from those of other currently popular probes. This virtue is very helpful to precisely constrain the dark energy evolution.
The detection of gravitational waves opened a new window to observe the universe. Using GW as standard sirens for cosmology has been widely discussed in the literature (Schutz 1986; Nissanke et al. 2010; Del Pozzo 2012; Cai et al. 2017; Tamanini et al. 2016) . This method requires large number of GW events. When the average uncertainty of luminosity distance measurements is 10%, more than 10 4 GW detections are needed to constrain the dark energy parameters with considerable precision. Thus, we combine gravitational wave and the time delay method, that is, time delay of lensed GW systems to constrain the dark energy equation of state. Because GW from DCO merging is a transient event, the time delay detection of such event is very accurate. Simultaneously, we also combine the detection of electromagnetic counterparts of GWs which enables us not only to determine the redshift of the host galaxy of the GW source, but also to improve the reconstruction of its Fermat potential difference. Therefore, these advantages are beneficial for time delay distance measurements and are further helpful for constraining the dark energy equation of state.
In this paper, we quantify the complementarity of time delay of upcoming strongly lensed GW systems to currently popular probes, i.e. SNe Ia and CMB. Previous studies suggested that the third-generation detectors, i.e. ET, is expected to detect 50 to 100 lensed GW events per year, some of which will be accompanied by the observations of electromagnetic counterparts. We find that adding time delay of only 30 strong lensed GW systems to SNe Ia and CMB can improve the dark energy figure of merit by a factor 2, which is comparable to the achievement from a few × 10 4 GWs with average uncertainty of luminosity distance measurements being 10%. In the era of precision cosmology, this improvement is of great significance for studying the nature of dark energy. Actually, there are many other applications of the lensed GW+EM events, such as testing the theory departure from the general relativity (Yang et al. 2018 ) and studying the dark matter substructure (Keeton & Moustakas 2009; Liao et al. 2018) . Therefore, a large number of strongly lensed GW detections are expected in the future for exploring these interesting topics.
